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G eo m etr ic  o p t i c s  has been u t i l i z e d  to  d e t e r m in e  the  rayp a th  
o f  the  f i r s t  p r im a r y  and shear  wave a r r i v a l s  a t  a r e c e i v e r  in a 
f l u i d - f i l l e d  b o r e h o le  surrounded by a s o l i d  o f  v a r y i n g  wave 
v e l o c i t y .  R e l a t i o n s  have been developed f o r  th e  cases o f  logg ing  
to o ls  be ing e i t h e r  c o n c e n t r i c  o r  e c c e n t r i c  in  th e  b o r e h o le .
Examples have been computed which i n d i c a t e  the  s p e c i f i c  
t r a v e l  t im es  f o r  p r im a r y  and shear  waves a r e  r e l a t i v e l y  
i n s e n s i t i v e  t o  th e  t r a n s m i t t e r - r e c e i v e r  spacing o f  th e  t o o l  and 
the  to o l  l o c a t i o n  in  th e  h o le .  A p l a u s i b l e  e x p l a n a t i o n  f o r  
anomolous ( n e g a t i v e )  P o is s o n 's  r a t i o s  computed from f i e l d  da ta  
is  o f f e r e d  based on c o n s i d e r a t i o n s  o f  the  e f f e c t s  o f  s t r e s s  
c o n d i t i o n s  caused by the  e x i s t a n c e  o f  a w e l l b o r e .
W i th  t h i s  e x p l a n a t i o n ,  the  t r a v e l  t imes f o r  p r im a r y  and 
shear  wave f i r s t  a r r i v a l s  a r e  b a s i c a l l y  d e te rm in e d  by th e  
maximum s t r e s s  s t a t e  govern ing  the  motion o f  each wave; in  g e n e r a l ,  
these  s t r e s s e s  need not  be the  same f o r  both types  o f  waves.
A method t o  c o r r e c t  observed f i e l d  f o r  t h i s  d i f f e r e n c e  in s t r e s s  
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INTRODUCTION
The f i r s t  wave a r r i v a l  problem may be g e n e r a l l y  f o r m u la te d  as 
f o l l o w s :  g iv e n  a source  o f  e l a s t i c  waves a t  l o c a t i o n  P j ,  a t  what t im e
w i l l  energy from a p u ls e  i n i t i a t e d  a t  th e  source a t  t im e  t j  f i r s t  reach  
a n o th e r  s p e c i f i e d  l o c a t i o n
Much o f  the  p e t ro leu m  e n g i n e e r i n g  l i t e r a t u r e  on the  f i r s t  wave
22 26a r r i v a l  problem has been deve loped  to  e s t im a t e  p o r o s i t y .  * The
27 3 10e f f e c t s  o f  p o r o s i t y ,  d e p th ,  rock  b u lk  c o m p r e s s i b i l i t y ,  w e t t a -
3 22 26b i l i t y ,  and to o l  e c c e n t r i c i t y  in the  w e l l  bore  * on th e  f i r s t  wave
a r r i v a l  t im e  have been c o n s id e r e d .
R e c e n t ly ,  a c o n s i d e r a b le  amount o f  a t t e n t i o n  has been focused
on d e t e r m in in g  both p r im a ry  and shear  f i r s t  a r r i v a l  t im e s ,  in o r d e r
1 1 23to  e s t i m a t e  e l a s t i c  p r o p e r t i e s  o f  the  f o r m a t i o n .  * O th er  uses
21have a ls o  been p re s e n te d .
-5B i o t  developed an e s s e n t i a l l y  com ple te  m athe m at ic a l  t r e a t m e n t
f o r  the  movement o f  c o n c e n t r i c  e l a s t i c  waves in a c y l i n d r i c a l  bore
7c o n t a i n in g  a f l u i d .  C h r is te n s e n  deve loped r e l a t i o n s  f o r  e v a l u a t i n g  
th e  e n t i r e  spectrum o f  waves g e n e ra te d  in and around a b o re h o le  to  
d e te rm in e  e l a s t i c  moduli  and p o r o s i t y ;  th e  t r e a t m e n t  r e q u i r e s  a con-  
c e n t r i c  t o o l .
In a l l  o f  the  above l i t e r a t u r e ,  a c o n s t a n t  wave v e l o c i t y  was
assumed in the  f o r m a t i o n .  Approx im ate  t r e a tm e n t s  f o r  p l a n a r  waves
r e f l e c t i n g  or  r e f r a c t i n g  from p l a n a r  boundar ies  have been developed
1 3f o r  v a r y i n g  v e l o c i t y  m ed ia ,  us ing th e  s c ie n c e  o f  g e o m e t r ic  o p t i c s .
2
Ben-Menahem and Vered have p re se n te d  e x a c t  e x p re s s io n s  f o r  th e  e f f e c t s
o f  d i s l o c a t i o n s  on a p l a n a r  l a y e r e d  medium. V a r i a t i o n a l  p r i n c i p l e s
have been used by Love to  s o lv e  p l a n a r ^  and spher i c a " b o u n d a r y
25problems in  v a r y i n g  v e l o c i t y  media .  W h i te  and Zechman have devised  
s o l u t i o n s  f o r  waveform responses f o r  c y l i n d r i c a l  boundary v a l v e  prob­
lems .
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However, a g e n era l  f o r m u l a t i o n  f o r  the problem o f  d e te r m in in g  
th e  f i r s t  wave a r r i v a l  t im e  in  a f l u i d - f i l l e d  b o r e h o le  surrounded by 
a s o l i d  o f  v a r y i n g  wave v e l o c i t y  has no t  been p r e s e n t e d .  I t  is  the  
purpose o f  t h i s  t h e s i s  to  p r e s e n t  such a f o r m u l a t i o n  v a l i d  f o r  both  
c o n c e n t r i c  and e c c e n t r i c  wave p r o p a g a t i o n .
The b a s i c  m a th e m at ic a l  t o o l  used here  f o r  com puta t ion  o f  th e  f i r s t
wave a r r i v a l  is  known as g e o m e t r ic  o p t i c s .  The th e o ry  o f  g e o m e t r ic
o p t i c s  a rose  d u r in g  s t u d i e s  o f  the  r e f l e c t i o n  and r e f r a c t i o n  o f  l i g h t .
H i s t o r i c a l l y ,  such s t u d i e s  d a t e  t o  th e  e ra  o f  the  Greeks;  in  the
t h i r d  c e n t u r y  A . D . ,  Hero o f  A l e x a n d r i a  fo r m u la te d  th e  p r i n c i p l e  o f
l e a s t  d i s t a n c e .  H e r o 's  p r i n c i p l e  suggests  the  f i r s t  l i g h t  ray  to
a r r i v e  a t  a r e c e i v e r  from a t r a n s m i t t e r  is th e  ray  which t r a v e l s  the
s h o r t e s t  d i s t a n c e .  H e ro 's  p r i n c i p l e  is v a l i d  f o r  waves t r a v e l i n g
through a s i n g l e ,  c o n s t a n t  v e l o c i t y  medium; however,  s e r io u s  e r r o r s
a r i s e  in a p p l y i n g  H e ro 's  p r i n c i p l e  t o  waves t r a v e l i n g  through more
than one medium. In th e  s e v e n te e n t h  c e n t u r y ,  a French lawyer  named
P i e r r e  de Fermat deduced t h e  p r i n c i p l e  o f  l e a s t  t i m e ,  which supersedes
H ero 's  p r i n c i p l e .  F e r m a t 's  p r i n c i p l e  o f  l e a s t  t im e  s t a t e s  t h a t  the
f i r s t  wave t o  a r r i v e  a t  a g iv e n  p o i n t  is  th e  wave which a r r i v e s  in the
l e a s t  t im e .  From F e r m a t 's  p r i n c i p l e ,  S n e l l ' s  law o f  r e f l e c t i o n  and
r e f r a c t i o n  o f  waves can be deduced. I t  has been shown (G ra n t  and 
1 3West,  pp. 128 f f )  t h a t  t h e  m ot ion  o f  e l a s t i c  w aves ' th rough a v a r y ­
ing v e l o c i t y  medium can be a pprox im a te d  w i t h  th e  g e o m e t r ic  o p t i c s
approach;  in  e l a s t i c  wave t h e o r y ,  t h i s  a p p l i c a t i o n  is  n o r m a l ly  known
20as the WKBJ s o l u t i o n  (Morse and FeShbach, p. 1092 f f ) .
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DEVELOPMENT
3
C o ns ide r  a p la n e  wave r e f r a c t e d  a t  an i n t e r f a c e  between media  
w i t h  d i f f e r i n g  wave v e l o c i t i e s  (see  F i g u r e  1 ) .  I f  S n e l l ' s  law can 
be used t o  d e te r m in e  wave p a th ,  then o v er  a small  increment in d i s t a n c e  
6 h, the  f o l l o w i n g  e q u a t io n s  may be w r i t t e n :
s i n
-  p, a c o n s t a n t  — ( 1-) —
vi
Ss = (&x2 +<Sh2 ),/2 ( 2 )
St = Ss/Vj ( 3 )
where the  s u b s c r i p t - i  denotes the  medium in  which 6h is ta k e n .  With  
th e  above ieqtdaTionsy ~<5x and; 6 t  may—be expressed as :
_ l / s
Sx = p v ; ( 1 - P 2 v f )  £ h  ( 4 )
S t = vV ( l - p ^ v ? ) 7 Sh ( 5 )
I f  i t  is  assumed t h a t  v e l o c i t y  is  a f u n c t i o n  o f  th e  c o o r d i n a t e  h a lo n e ,  
e x p r e s s io n s  ( 4 ) and ( 5 ) may be summed o v e r  a number o f  increments  6h . :
Ax pv  ̂ ( l - p ^ v 2) Sh ( 6 )
(7 )
When 6h.  is  d e f i n e d  as 6h . — Ah/N, where  Ah is  a f i n i t e  d i s t a n c e ,  in  the
l i m i t  as N inc re a s e s  w i t h o u t  bound, e q u a t io n s  ( 6 ) and (7 )  become the
i n t e g r a l s  ( 6 a) and ( 7a ) :
- i / i
A x  = j  p v ( l - p 2v2 ) dh ( 6a)
K -i/a.
A t  = J v ' ^ l - p ^ v 2) dh ( 7a)
hi
Examine now th e  problem o f  d e t e r m in in g  the  f i r s t  wave a r r i v a l  a t  
th e  ^t i=me~=the  coo rd i naire ~X  ̂ from  ~a—ptrl se ~s t a r t e d  -art trime ~try~ a t  focairfon— 
( X | , h | ) . D e f i n e  the  f u n c t i o n s  f  and g:
h. ,-b
h
-  -  - 1/2
dh ( 8 )f  ( h , p) = / v W O "
g ( h , p )  = / p v ( l - p 2 v - ) - d h  ( 9 )
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F ig u r e  1: Geometry f o r  S n e l l ' s  Law
ZONE 2
v=v 2
The f i r s t  wave a r r i v a l  problem s t a t e d  above may be expressed mathe-  
m a t i c a l l y  a s :
M in im iz e  the  f u n c t i o n  f C h ^ p )  s u b j e c t  
t o  the  c o n s t r a i n t  g f h ^ p )  is  equal  to  
a s p e c i f i e d  v a l u e  AX.
Lagrange m u l t i p l i e r s  may be used t o  s o lv e  t h i s  problem o f  c o n s t r a in e d  
o p t i m i z a t i o n .  D e f i n e  the  composi te  f u n c t i o n  F by
F ( h 2 , p , A )  = f ( h 2 ,p )  ~ A ( g ( h 2 ,p )  -  A x )  ( 10)
1C X J ;  j u
H i l l i e r  and Lieberman s t a t e  t h a t  i f  (h 2 »P»^)= (h^ >P ,^  ) is  a lo c a l
minimum o r  maximum f o r  the  u n c o n s t r a in e d  f u n c t i o n  F ( h „ , p , A ) ,  then
( h 0 ,p  ) is  a c o r res p o n d in g  c r i t i c a l  p o i n t  f o r  the  o r i g i n a l  problem.
4B e v er id g e  and S c h e ch te r  d e m o n st ra te  t h i s  r e s u l t  r i g o r o u s l y .
The c r i t i c a l  p o in t s  o f  F a r e  found by s e t t i n g  the  p a r t i a l  d e r i v a -
4 15t i v e s  o f  F w i t h  r e s p e c t  to  h2 »P» and A to  z e r o .  * The f i r s t  p a r t i a l
d e r i v a t i v e s  o f  F a r e  ,
3F r
— 3/2,
v ( l - p 2 v z ) dh ( 11a)
( 11b)- | ^ =  V _ , ( l - A p v z ) ( l - p z  V2- )
„h2
3 F = Ax -  ' j * p v ( l - p 2v 2 ) 2dh ( 11c)
In o r d e r  t o  s e t  f u n c t i o n  (11a)  t o  z e r o ,  i t  must f i r s t  be noted t h a t  
v is an a r b i t r a r y  (b u t  f i x e d )  f u n c t i o n  o f  h,  so t h a t  the  i n t e g r a l  in  
r e l a t i o n  (1 1 a )  w i l l  n o t ,  in g e n e r a l ,  be z e r o .  Then, (p -A )  must equal  
z e r o ,  o r
A *  = P* (12a)
U t i l i z i n g  t h i s  r e s u l t  in exam in ing  th e  f u n c t i o n  ( l i b ) ,  t h e  zeroes  
o f  f u n c t i o n  ( l i b )  o f  im portance  a r e  the  v a lu e s  o f  p s a t i s f y i n g
v _,( h 2) ( l - p 2v ( h a )2' ) ‘/ 2 = 0 ( 12b)
For f M n r t e  "V^h^") » the  va  1 u e s o f  p s a t  r s f y  mg “ e q u a t io n  (42b) a r e  — --i
p A = ^ r  <13)
A c o n v e n t io n  w i l l  be adopted he re  o f  us ing  the  p o s i t i v e  v a l u e  o f  
e q u a t io n  ( 13) ;  symmetry c o n s i d e r a t i o n s  w i l l  be used t o  account  f o r
MTHUE CAKES IIB M p v  
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/ v
n e g a t iv e  p . The v a l u e  f o r  hu is found us ing the  z e ro  o f  f u n c t i o n
^  J L
( l i e ) ,  w i t h  the  d e te rm in ed  v a lu e  p :
g ( h * , p * )  = J ^ v / v a ) ^ - ( v / v ^ l  dh = a x  ( 1*0
h, *  .
The minimum wave a r r i v a l  t im e  At is
/ ”2. «- —i — \fz
v~' |l -  ( v / v 2 )  J  dh ( 15 )
h l
JL
where v^AvCl^ ) •
Under c e r t a i n  c i r c u m s ta n c e s ,  the  e q u a t io n s  (1*0  and (15 )  may be 
s im ply  e v a l u a t e d .  For example,  f o r  the 1 in e a r  v e l o c i t y  d i s t r i b u t i o n
J L
v (h )  = v +  ch ,  the  c o o r d i n a t e  h„ is  de te rm ined  from
and th e  minimum a r r i v a l  t im e  At is
1 _i ( v (h  , )
^ t *  = — sech I —
J L
The raypa th  g (h)  f o r  the  minimum a r r i v a l  t im e  is computed as
( A x - g  * f  + ( f + h f  = (> + h j f
which is  a c i r c u l a r  a r c .  For more complex v e l o c i t y  d i s t r i b u t i o n s ,  
a n a l y t i c  e v a l u a t i o n  o f  the  i n t e g r a l s  ( 1*0 and ( 15) becomes cumbersome; 
however,  num er ic a l  i n t e g r a t i o n  can g e n e r a l l y  be accompl ished w i t h  l i t t l e  
d i f f i c u l t y ,  a l t h o u g h  c a re  must be ta ken  to  use an i n t e g r a b l e  form 
near  the  s i n g u l a r i t y  a t  h^*
Consider  now the  a p p l i c a t i o n  o f  th e  g e o m e t r ic  o p t i c s  approach
to  th e  problem o f  running an a c o u s t i c  log in  a f l u i d  f i l l e d  b o r e h o le .
As b a s ic  p o s t u l a t e s ,  t h e r e  w i l l  be a c o n c e n t r i c  source  (S) and
r e c e i v e r  (R) in  a w e l l b o r e  o f  c o n s t a n t  ra d iu s  ( r  ) ,  the  bore  e x t e n d in gw
i n d e f i n i t e l y  in  both  d i r e c t i o n s ;  t h e  w e l l b o r e  is  surrounded by an
i n f i n i t e  s o l i d  o f  c o n s t a n t ,  i s o t r o p i c  e l a s t i c  p r o p e r t i e s  (see  F ig u r e  2 ) .
Three  e l a s t i c  wave v e l o c i t i e s  a r e  im p o r ta n t  in t h i s  a p p 1i c a t i o n - - t h e
v e l o c i t y  in th e  f l u i d  v , th e  l o n g i t u d i n a l  ( p r im a r y )  v e l o c i t y  in thew
s o l i d  Vp, and t h e  t r a n s v e r s e  (s h e a r )  v e l o c i t y  in the  s o l i d  .
T -1 9 6 3 7




















































S o l i  d S o l i d ,  v p , v s
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Only t h r e e  c h o ices  e x i s t  f o r  in  e q u a t io n s  (1*0 and ( 1 5 ) ;  examine
each in t u r n .  (H e r e ,  L = 2AX, r = h,  and t  w i 11 be 2 A t . )  F i r s t ,
i f  v = v , th e  wave does not pass i n t o  th e  s o l i d ,  and the  a r r i v a l  2 w r
t im e  is
w —
I f  ^2 = v , a P-wave has been g e n e ra te d  in the  s o l i d ,  and th e  f i r s t  
P-wave a r r i v a l  t im e  is
-  —1/3-
t p =  ( L / v p ) + 2 r w( v * - v J  v r / v „
S i m i l a r l y ,  the  f i r s t  S-wave a r r i v a l  t im e  would be
- j / z
t s = ( L / v s ) + 2 r w(v ’ - v J  vs / Vvy
(The -above r e s u l  t s  may -be determ i ned “trs i ng -equat-forrs—(T*t) “and- (T5) by 
a l l o w i n g v  t o  approach a c o n s t a n t  and then j u d i c i o u s l y  a p p l y i n g  the  
mean v a lu e  th e o re m .)
For the  P- o r  S-  wave a r r i v a l  to  precede the  a r r i v a l  th rough th e  f l u i d ,
th e  i n e q u a l i  t y
L >  2 r w ( c + v w) / ( c - v w )j
1/ 2.
must be s a t i s f i e d ,  where c denotes  V o r  v .
P s
For a g e n e ra l  v e l o c i t y  d i s t r i b u t i o n  which is  a f u n c t i o n  o f  the  
r a d i a l  c o o r d i n a t e  a lo n e
r  < r  v * /  
r >  r li#
( r )  = (16)
where c ( r )  is  e i t h e r  th e  p r im a r y  o r  shear  v e l o c i t y  as a f u n c t i o n  
o f  r a d i u s ,  the  v a r i o u s  a r r i v a l  t imes  a r e
t  = L /v
V (o r  *» > "  %  1/2 + 2 J ^  ( 1 7b)
?u.r]
- » / 2 (17a)
where and C2 = c ( r 2 ) a r e  d e te rm in e d  from
- l / i-  1/2 j-, • -
L = 2 r ^vw ( c l ' vw) + 2  J c ( c * - c z ) dr
rw
(ARTHUR LAKES LIBRARY!
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For the  case o f  an a c o u s t i c  lo g g in g  t o o l  e c c e n t r i c  in  a 
b o re h o le  (see  F ig u r e  3 ) ,  which has a source  a t  ( r 0 > 2q ) , a
r e c e i v e r  a t  0 ^,  2 ^ ) ,  i n t e r s e c t i o n s  o f  the  ra y p a th  w i t h  the
b o re h o le  w a l l  a t  ( r^ , 0 ^, Zj)and ( r ^ ,  0 ^,  Z ^ ) , and maximum v e l o c i t y  
a long  the  ra y p a th  a t  0£> • i t  can be d e te rm in e d  (see  Appendix
f o r  d e t a i l s )  t h a t  th e  f i r s t  a r r i v a l  t imes a re
tty — b / v ^  ( 19 a)
.—\fz
t p(o r  t s ) = [ ( rw " ro ) + ( r ^ - r 4. )] ^ _ pav 2 j +
2 / 0 , -p 1^ )  *  d r  (19b)
r w
where r ^ ,  p , and an ] ncl  i n a t i o n  ’ ang l e  ip a r e  d e te rm in e d  from the  
t h r e e  e q u a t io n s
z4 - z Q = c o s f  (^2rw - r o - r 4 ) p v w( l - p 2 v^) + 2 T p v O - p 3̂ )  d r l  
U £  (20a)  J
G ^ - 0 O = s i n Y [ l ~ n ( r ^ / r 0 r4 )p v  ( 1 - p 2 v * )  + 2 / ° p v ( 1 - p 2v a ) *-^ -"1
L  £  (20b) -J
( l - p 2v^) Vzv wln ( r * / r 0 r+)  + 2 J * (  1 - p 2 v2  ̂^  v ~  =
■ ( l - p ^ v l J - ^ ^ c o t 3^  { ( l - p a v j ) % vw(2 r w- r 0 - i ;  ) 
+  2 ^ ( l - p ^ v 2-) 2vc*^j ( 2 0 c ) .
En>
Tz.
T -1 3 6 3
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F ig u re  3 ’ View o f  Ray Path;  E c c e n t r i c  Tool
P1 a7T"V iew o f  T ra ce
View in i— z P lane  o f  Trace  
( x = Source  
0  = R e c e iv e r )
T - 1963
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where i t  is  nece ssary  t h a t  r Q 4  o and r^  ^ o.
For th e  case o f  r  o r  r ,  equal  t o  z e r o ,  a two d im ensiona l
- -  —  -  o
fo rm u la  based on e q u a t io n s  ( l A )  and ( 15) may be used:
t w =  L/v„
t  p (o r  t 5 ) = l 2 r ^ - r 0 - r ^ ) f  (v X ~
Vw L  \ c J  -
- 1/2
+  2
( 21a)  
2~1 —1/2.
P E - f r J j  - r
( 21b)
where r^  and c^ a r e  de te rm ine d  from
Z4 _Z0
For p r a c t i c a l  usage,  i t  is  suggested t h a t  th e s e  fo rm u la e  (21 )  and 
( 22 ) may be used in  l i e u  o f  the  more e x a c t  r e l a t i o n s  ( 19) and ( 20 ) 
when th e  spac ing  between the  source  and r e c e i v e r  on the  logg ing  to o l  
is much l a r g e r  than the  b o re h o le  r a d iu s .
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DISCUSSION
1 3There  a r e  l i m i t a t i o n s  t o  g e o m e t r ic  o p t i c s  (G ra n t  and West,  
pp. 127 f f )  t h a t  p r e v e n t  i t s  use f o r  a l l  c i rc u m s ta n ce s ;  however ,  
s in c e  th e  path  p r e d i c t e d  by S n e l l ' s  law is  a path  o f  minimum t i m e ,  
f o r  th e  f i r s t  wave a r r i v a l  t i m e ,  th e  g e o m e t r ic  o p t i c s  approach is  
v a 1 id .
The b a s ic  p h y s ic a l  s i t u a t i o n  which a l lo w s  g e o m e t r ic  o p t i c s  
t o  be v a l i d  f o r  f i r s t  a r r i v a l  t im es  in v o lv e s  the  c r e a t i o n  o f  a head 
wave. L.  Cagna ird^  r i g o r o u s l y  e x p l a i n e d  th e  head wave f o r  th e  t r a n ­
s i e n t  problem o f  a s p h e r i c a l  p o i n t  source  emanating near  a p l a n a r
20boundary;  us ing  Huygen's  p r i n c i p l e  (Morse and Feshbach, p.  8 A 7 ) » 
which p o s t u l a t e s  t h a t  each p o i n t  on a wave f r o n t  a c t s  as a s p h e r i c a l  
p o i n t  so u rce ,  i t  is  deduced t h a t  head waves must e x i s t  f o r  th e  
c y l i n d r i c a l  boundary problem as w e l l .
To i l l u s t r a t e  head waves f o r  th e  c y 1 i n d r i c a 1 p rob lem ,  c o n s i d e r
F ig u r e  4 .  In t h i s  f i g u r e ,  normal b l a c k  l i n e s  i n d i c a t e  i n c i d e n t
waves in the  f l u i d  o r  r e f r a c t e d  waves in the  s o l i d ; “ th e  dashed
l i n e s  a r e  r e f l e c t e d  waves,  and t h e  heavy s o l i d  l i n e s  a r e  head
waves.  In t h i s  f i g u r e ,  a s p h e r i c a l l y  d i v e r g i n g  p u ls e  has been
i n i t i a t e d  a t  t im e  t  a t  the  s ource  S. A t  t im e  t , ,  the  wave haso 1
not  y e t  reached th e  boundary .  At t im e  t ^ ,  th e  i n c i d e n t  wave in  
th e  f l u i d  is  moving a lo ng  th e  w e l l b o r e  f a s t e r  than t h e  r e f r a c t e d  
waves in th e  s o l i d .  By t im es  t^  and t ^ ,  the  r e f r a c t e d  waves in th e  
s o l i d  a r e  p r e c u r s o r s  t o  t h e  i n c i d e n t  wave,  and head waves a r e  
g e n e ra te d  in  th e  l i q u i d  from th e  r e f r a c t e d  waves in th e  s o l i d .
Due to  th e  geometry  o f  th e  p rob le m ,  th e se  head waves w i l l  a r r i v e  
a t  a r e c e i v e r  R a t  e x a c t l y  the  t im e  p r e d i c t e d  w i t h  g e o m e t r ic  
o p t i c s  f o r  a c r i t i c a l l y  r e f r a c t e d  wave.
I&RTHUB CAKES LIBRARY
COLORADO SCHOOL of MINES
GOLDEN, COLORADO mm
T - 1963 13
F ig u r e  The E x is t a n c e  o f  Head Waves
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APPLICATION OF THE METHOD: EXAMPLES
A number o f  examples i l l u s t r a t i n g  the  a p p l i c a t i o n  o f  the  methods 
a r e  g iv e n  h e r e .  The b a s ic  e q u a t io n s  used a r e  thos e  o f  the  two-  
d im en siona l  a p p r o x im a t io n  f o r  the  g e o m e t r ic  o p t i c s  approach:
where L is  the  t ransmi  t t e r - r e c e i v e r  spac ing  and r^.=ro= r ^  is  th e  
ra d iu s  a t  which th e  t o o l  is  l o c a t e d .  The t o o l  is assumed t o  be 
s t a t i o n a r y  and v e r t i c a l  in  a v e r t i c a l  h o le  f o r  th e s e  examples.
In o r d e r  t o  a p p ly  th e  above e q u a t i o n s ,  a v e l o c i t y  d i s t r i ­
b u t io n  must be assumed. For the  purposes o f  t h i s  i l l u s t r a t i v e  
example,  a v e l o c i t y  d i s t r i b u t i o n  o f  th e  ty pe
based on c o n s i d e r a t i o n  o f  th e  s t r e s s  d i s t r i b u t i o n  around a w e l l b o r e .
8
D e i l y  and Owens have g iv e n  an e x p r e s s io n  f o r  t h e  s t r e s s  d i s t r i b u t i o n ;
f o r  the  s p e c i a l  case o f  r a d i a l  symmetry,  w e l l b o r e  f l u i d  p re s s u re  
equal t o  f o r m a t i o n  f l u i d  p r e s s u r e ,  and equal  s t r e s s  in a l l  d i r e c t i o n s  
a t  i n f i n i t y ,  t h e i r  e q u a t io n s  become
v,w r < r w
r > r w , p r im a r y  waves (25)  
r > r w , shear  waves
has been assumed.
The re a s o n in g  f o r  the  above c h o ic e  o f  v e l o c i t y  d i s t r i b u t i o n  is
(26a)
(26b)
( 2 6 c)
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where P is  t h e  ne t  e f f e c t i v e  s t r e s s  a t  i n f i n i t y .  C l e a r l y ,  o t h e r
12 1 ^
choices  o f  t h e  s t r e s s  d i s t r i b u t i o n  due to  th e  w e l l b o r e  can be made; * 
however,  the  s t r e s s  d i s t r i b u t i o n  o f  e q u a t io n s  (26 )  is a r e p r e s e n t a t i v e  
one and w i l l  s e rv e  t o  i l l u s t r a t e  the  method.
I f  i t  is f u r t h e r  assumed t h a t  the  v e l o c i t y  o f  p r im a r y  waves in 
a rock is  governed by th e  r a d i a l  s t r e s s ,  and i f  shear  v e l o c i t y  is  
governed by the  t a n g e n t i a l  s tress* ,  then the  v e l o c i t y  d i s t r i b u t i o n  (25 )  
w i l l  r e p r e s e n t  a power law a p p r o x im a t io n  t o  v e l o c i t y  as a f u n c t i o n  o f  
s t r e s s .  The v a l i d i t y  o f  such an a p p r o x im a t io n  w i l l  be examined s h o r t l y .
In o r d e r  t o  use the  ray  pa th  e q u a t io n s  (2 3 )  and ( 2 4 ) ,  num er ica l
i n t e g r a t i o n  w i l l  be r e q u i r e d .  For p rope r  a c c u r a c y ,  an e x a m in a t io n
o f  the  branch p o i n t  in t h e  in te g r a n d  o f  each e q u a t i o n  is  r e q u i r e d .
r~ 2T h is  s i n g u l a r i t y  is  o f  t h e ' type  [_ 1 - ( v / v ^ )  J  2 as r  approaches r^ .
By expanding th e  argument ,  i t  can be seen t h a t  th e  in t e g r a n d  d iv e r g e s
_  JL
as ( v « - v )  2 ; a p p l y i n g  the  v e l o c i t y  d i s t r i b u t i o n  ( 2 5 ) ,  t h i s  form can be
r" 2 2 n 2 2 n ~1 — ~
shown t o  be o f  t h e  t y p e /  ( r 0 - r  ) -  ( r  - r  ) I 2 . The b in o m ia lL- z W W -J
theorem may be used to  expand t h i s  form,  and t h e  s i n g u l a r i t y  is
— i
f i n a l l y  d e te rm in e d  t o  be o f  th e  type  ( ^ ^ r )  2 . L ' H o p i t a l ' s  r u l e  may 
be used .to v e r i f y  t h a t  th e  s i n g u l a r i t y  i s ,  indeed^ o f  the  ty p e
_  JL
( r „ - r )  2 . T h is  is im p o r ta n t  f o r  c o r r e c t  n u m e r ic a l  i n t e g r a t i o n ,  s in c e  
z ..
a Gaussian i n t e g r a t i o n  fo rm u la  f o r  i n t e g r a l s  o f  t h e  typ e  Cr?- r )  2
1e x i s t s  (A bramowitz  and S tegun,  p.  889)?  
r  n ,
J -T b - y  d V =  ^ w£ f  <y f  ̂ +  Rn  <'2^
a sH*
where y , = a + ( b - a ) x -
x f = 1 - ^ f ,  where is  the  i +̂  p o s i t i v e  ze ro  o f  P2 n (u)
W ; = 4 / ( l - 5 ? )  R n ( 5 , - ) ]
PEn( u ) =  Legendre p o ly nom ia l  o f  o r d e r  2n 
r-— 2____  t h n T l I  j. />-\
Rn-V b -a , ,n +1 [(l»n) ! ] *  f  ’ a 4 * <b
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A t e n - p o i n t  method (n=10 in  ( 2 7 ) )  has been used t o  computed a l l  
i n t e g r a l s  o f  th e  type  (23 )  and (2 4 )  in  t h i s  a p p en d ix .  A check o f  
one o f  th e  i n t e g r a l s  so c a l c u l a t e d  w i t h  a 4 8 - p o i n t  method was made; 
a d i f f e r e n c e  in  computed v a lu e s  o f  l e s s  than one p a r t  in 100 ,000  was 
seen.
*  l  \-<f> )/>s 
r/3
= 3 e ; p / 8 ( i -
Example problems w i l l  now be computed.  For s im p le  cu b ic  pack ing
o f  s p h e re s ,  the  l o n g i t u d i n a l  v e l o c i t y  as a f u n c t i o n  o f  p re ssu re  is  
24
g iv e n  by W h i te  (p .  6 6 ) :
v = \  — :------- ^ ^ ---------------— t  ( 28)
(28a)
<p = 1-TT/6 (28b)
Using th e  r e p r e s e n t a t i v e  v a lu e s  o f  T a b l e  I in e q u a t io n  ( 2 8 ) ,  
v e l o c i t y  was computed f o r  a number o f  v a lu e s  o f  p re s s u re  d i f f e r e n t i a l .
A power r e l a t i o n s h i p  was d e r i v e d  from t h i s  t a b l e ,  and the  computed 
v e l o c i t i e s  from the power -law a p p r o x im a t io n
v &  5645 + 1 4 0 . 9 P ° ' * ° °  (29)
a r e  l i s t e d  in T a b le  2 ,  a lo n g  w i t h  v e l o c i t i e s  computed from e q u a t io n  (28 )  
E r r o r s  o f  les s  than .15% a r e  caused by us ing th e  a p p ro x im a t io n  ( 2 9 ) .
A 1e a s t - s q u a r e s  f i t  t o  d a t a  on c o n s o l i d a t e d  rock using an 
e q u a t i o n  s i m i l a r  t o  (29 )  i n d i c a t e d  v e r y  good accuracy  o f  the  p o w er - law  
fo rm u la  f o r  c o n s o l i d a t e d  sed im ents  as w e l l ,  as shown in T a b le  3 ,  
using d a t a  from K o h l h a a s . ^
For  t h i s  sample ,  which was a sandstone w i t h  16.4% p o r o s i t y ,  
th e  r e g r e s s io n  c u rve  was
v ^  9 9 8 2 ^ ^ 3 0 0 .J5 €P ° '3a° " " "  (30 )“ *
The c o e f f i c i e n t  o f  c o r r e l a t i o n  f o r  t h i s  f i t  was 0 . 9 9 7 7 ,  i n d i c a t i n g  a
good a cc u ra cy  w i t h  the  a p p r o x im a t io n  ( 3 0 ) .  The d a ta  in T a b le  3 a re
r e p o r t e d  in  s p e c i f i c  t r a v e l  t i m e ,  which  is  th e  r e c i p r o c a l  o f  wave 
v e lo c  i t y .
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TABLE I :  R e p r e s e n t a t i v e  V a lues  Used In E q u a t io n  (2 8 )
t o  C o n s t ru c t  T a b le  2
P o is s o n 's  r a t i o ,  v  = 0 .2 0 0  ,
Young's  modulus ,  ES = 1 1 .5 8  X 10 psi
S o l i d  d e n s i t y ,  P S = 2 .6 5  g / c c  ,
F l u i d  b u l k  modulus,  = 0 . 4 0 7  X 10 psi
F l u i d  d e n s i t y ,  P^ = 1 .0 0  g /c c
TABLE 2: iK CompaTi3on~between“ V e l o c i  t ies"Computed  w i t h
Exact  and Approx imate  R e l a t i o n s







1) Computed from e q u a t i o n  ( 2 8 ) ,  us ing  the  v a lu es  o f  T a b le  1
2) Computed from e q u a t i o n  (29 )
TABLE 3:  Use o f  th e  Power-Law Approx imat ion^
f o r  V e l o c i t y  in C o n s o l id a te d  Rocks
2 At 1 A t 3
P f i  . . ( p s i )  P £ .  . ( p s i )  P ( p s i )  measured ( y s e c / f t )  computed ( y s e c / f t )  f l u i d  r  c o n f i n i n g  K ne t  ___________ ________ ______ _______ __________
3500 6500 3000 75.1 7 5 . 1 8
3000 6500 3500 7 4 . 5 7 4 . 3 0
2500 6500 4000 7 3 . 4 7 3 - 5 2
2000u . 65O0l= 4500 „ 7 2 . 8 _ - 72.82_
1500 6500 5000 7 2 . 2 7 2 .1 9
1000 6500 5500 7 1 . 6 71 .61
500 6500 6000 71 .1 7 1 . 0 8
(1 )  Using d a t a  o f  Kohlhaas
(2 )  C o n f in i n g  p r e s s u r e  minus f l u i d  p ress u re
(3 )  Computed w i t h  e q u a t i o n  (3 0 )
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Using th e  v e l o c i t y  e q u a t io n s  (29 )  and (3 0 )  w i t h  th e  s t r e s s  
d i s t r i b u t i o n  ( 2 6 ) ,  th e  i n t e g r a l s  (2 3 )  and (2 4 )  were computed w i t h  
th e  q u a d r a t u r e  fo rm u la  (27 )  f o r  s e v e r a l  v a lu e s  o f  P, r^., and L.
The r e s u l t s  o f  th ese  i n t e g r a t i o n s  a re  shown in T a b le  4 .  Shear  wave 
v e l o c i t i e s  were  computed as a f u n c t i o n  o f  p r e s s u r e  by using the  
r e l a t i o n s  f o r  l o n g i t u d i n a l  v e l o c i t y  (29 )  and ( 3 0 ) and us ing a c o n s ta n t  
P o is s o n 's  r a t i o  f o r  the  f o r m a t io n  o f  0 . 1 0  f o r  th e  sphere  pack ing  and
0 . 2 5  f o r  the  c o n s o l i d a t e d  sample.  For t h i s  t a b l e ,  w e l l b o r e  ra d iu s  
is  0 . 2 5  f t .  and wave v e l o c i t y  in  th e  b o r e h o le  f l u i d  is  5500 f p s .
A number o f  c o n c lu s io n s  may be drawn from T a b l e  4:
1. The t r a v e l  t im e  (A t /A X )  is  r e l a t i v e l y  i n s e n s i t i v e  to  
th e  t r a n s m i t t e r - r e c e i v e r - s p a c i n g  (L )  and t h e  t o o l  
l o c a t i o n  ( r ^ ) .
2 .  The t r a v e l  t im e  f o r  p r im a ry  and shear  waves is  b a s i c a l l y  
r e p r e s e n t a t i v e  o f  the  maximum s t r e s s  s t a t e  g o v e rn in g
the  m ot ion  o f  the  wave.  Both waves a r e  s t r o n g l y  a f f e c t e d  
by th e  s t r e s s  s t a t e  o f  t h e  f o r m a t i o n .
3 .  Under c e r t a i n  c o n d i t i o n s ,  no shear  wave a r r i v a l  w i l l  be 
s ee n .
4.  In g e n e r a l ,  P o is s o n 's  r a t i o s  computed us ing the  p r im a ry  
and s h e a r  wave t r a v e l  t imes  w i l l  be d i f f e r e n t  from the  
a c t u a l  P o is s o n 's  r a t i o  o f  th e  f o r m a t i o n .
The above c o n c lu s io n s  may be used t o  d e ve lo p  some r e l a t i o n s  o f  
p r a c t i c a l  i n t e r e s t .  F i r s t ,  a p o w e r - la w  fo rm u la  f o r  v e l o c i t y  must 
be d e te rm in e d  o f  th e  ty pe  (29 )  o r  ( 3 0 ) :
v =  vo ( l+ C P n) (31 )
Such a fo rm u la  may be e s t a b l i s h e d  by exam in ing  th e  depth  t r e n d  o f
measured a c o u s t i c  v e l o c i t y .  G e n e r a l l y ,  n w i l l  be around 0 . 3 *  S ince
t h e  r a t  io  v / v  . i s nearly_. i ndependent ,of_ p r e s s u r e  4  the. .Gassman. theory.   ̂
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as g iv e n  by W h i t e ,  p.  6 8 ,  may be used t o  i n d i c a t e  t h i s  f o r  uncon-
9
s o l i d a t e d  s ed im e n ts ,  w h i l e  t h e  e x p e r im e n t a l  d a ta  o f  D e s a i ,  e t  a l
a r e  shown in  T a b le  5 t o  j u s t i f y  t h i s  s ta te m e n t  f o r  c o n s o l i d a t e d  r o c k s ) ,
C and n w i 11 be e s s e n t i a l l y  th e  same f o r  both p r im a r y  and s h ea r  wave 
v e l o c i t i e s .  For purposes o f  computing P o is s o n 's  r a t i o ,  th e  p r im a ry
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TABLE 4: APPLICATION OF THE GEOMETRIC OPTICS EQUATIONS:
( f t ) r T ( f t )  P (p s i )
V f t )
t  (ysec)  
P r 2 s ( f t )
t  (ysec)
3 0 1000 0 .3 8 7 7 6 513 .36 _  _  _  JL
6 0 .5 2 2 0 6 964 .58 ___X ----------------
9 0 .6 2 6 9 7 1412.58 — — — i t ----------------
12 0 .7 1 6 2 3 1859.32 — — — ---------------
18 0 .8 6 7 0 6 2750.89 ____ __  JU ----------------
3 0 10000 0 .4 3 8 7 8 469.13 — — — i t ----------------
6 0 .5 9 3 1 0 858.51 0 .2 5 1088.90
9 0 .7 1 3 5 6 1244.37 0 .2 5 1624.94
12 0 .8 1 5 9 7 1628.78 0 .2 5 2160 .98
18 0 .9 8 8 9 2 2395.49 0 .2 5 3233.07
3 .2 5  1000 0.42531 462.82 ____ __  JL ----------------
6 0 .5 4 9 2 3 912 .87 — — — i t ----------------
9 0 .6 4 9 3 9 1360.51 ----------------
12 0 .7 3 5 7 6 1807.06 — — — i t ----------------
18 0.88311 2698.43 — — — ----------------
3 .25  10000 0 .4 6 9 1 7 405-95 0 .2 5 536.04
6 0 .6 1 4 9 8 794.41 0 .2 5 1072.08
9 0 .7 3 15 7 1179.96 0 .2 5 1608.12
12 0 .8 3 1 6 3 1564.18 0 .2 5 2144.17
18 1.00177 2330.72 0 .2 5 3216.25
+ Based on equat ion  (29)
*  Under th e  assumed cond i t ions  o f  the problem, a shear wave a r r i v a l  wi 1
PACKED SPHERES+
A A  / y s e c \  Za A  (yseA
A X / P \ f t  / \ A X / S \ f t /  Apparent Poisson's  Ratio
150.41 ------- -------
149.33 ------- -------
148.91 ------- ------- ■
148.60 ---— — ------
129.79
-------
128.62 178.68 - 0 . 0 3 8
128.14 178.68 - 0 . 0 2 9
127.79 178.68 - 0 .0 2 4
150.02 _____ — — —
149.21 ------- -------
148.85 ------- -------
148.56 ---— — -------
129.49 178.68 - 0 .0 5 3
128.52 178.68 -0 . 0 3 6
128.07 178.68 - 0 .0 2 8
127.76 178.68 - 0 . 0 2 3
1 not be seen.
,1 K~> a' -- -
m t 0 T u X * O  o f
HOIDEHe COLORADO. M
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TABLE *4 ( c o n t . ) :  APPL 1 CAT ION OF THE GEOMETRI1C OPTIC
( f t ) r T ( f t )  P (p s i ) r 2p ( f t )
t  (ysec)  
P r 2s ( f t )
3 0 1000 0.*42*403 335.39 0 .2 5
6 0 .5 5 7 2 0 582.05 0 .2 5
9 o . 663*46 827.10 0 .2 5
12 0.75*458 1071.**7 0 .2 5
18 0 .9 0 9 3 8 1559.13 0 .2 5
3 0 10000 0.*46869 302.2*48 0 .2 5
6 0 . 623*49 510.295 0 .2 5
9 0.7*459** 716.5*4*4 0 .2 5
*12 0 .8 5 05 5 921.997 0 .2 5
18 1.02783 1331.772 0 .2 5
3 0 .2 5  1000 0.*43700 25*4.*42 0 .2 5
6 0 .56691 500.86 0 .2 5
9 0 .6 7 15 6 7*45.8*4 0 .2 5
12 0 .7 6 1 6 7 990.15 0 .2 5
18 0.9152*4 1*477.78 0 .2 5
3 0 .2 5  10000 0.*48112 218 .33 0 .2 5
6 0 .6 3263 *426.18 0 .2 5
9 0.75351 632 .35 0 .2 5
12 0 .8 5 7 1 6 837 .77 0 .2 5
18 1 .03327 12*47.50 0 .2 5
+ Based on equat ion (30)
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EQUATIONS: CONSOLIDATED SAMPLE
/ A t \  (ysec )  f  A t \  (ysec\
t  (ysec) V A X j p V f t /  \ A X / S \ f t  /  Apparent Poisson's  R a t io
s ! __  __
*463.5*4 - - - - - - - r ------
865.65 82 .22 13*4.0*4 0 .19 8
1267-77 81 .68 13*4.0*4 0 .205
1669•88 81.  *46 13*4.0*4 0 .207
2*47*4.11 81 .28 13*4.0*4 0 .209
*400.5*4 ------- ------ -------
728 . *42 69.35 109.30 . 0 .163
1056.31 68.75 109.30 0 .173
138*4.20 68.  *48 109.30 0 .17 7
2039.97 68 .30 109.30 .0 .180
*402. 1 1 — _ ------ ------
80*4.23 82.15 13*4.0*4 0 .199
1206.3*4 81 .66 13*4.0*4 0 .205
1608. *46 81.  *4*4 13*4.0*4 0 .2 07
2*412.69 81 .27 13*4.0*4 0 .209
327.89 ------- ------ ------
655.77 69 .28 109.30 0 .16*4
983 .66 68.72 109.30 0 .173
1311.5*4 68.  *47 109.30 0 .1 77
1967.32 68 .29 109.30 0 .180
T-1963
TABLE 5*.
r  . 9
f o r  Consol idated Rock, Based on Experimental  Measurements o f  D e s a i , e t  al
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 : VELOCITY RATIO v / v  as a Function o f  Pressure
P 5
External  
>i ston  
' ressure  
( p s i )
B - l x
Dry
B - l x  
Br i ne 
Sat
B-2x  
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1 .568  
1 .642  
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1 .247  
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Average 1.544 1.633 1.727 1.621 1.654 1 .572 1.682 1.558 1.750 1.591 1.683 1.513 1.467
Standard
E r r o r .068 .090 .089 .038 .049 .118 . 066 .055 .130 .040 .056 .065 .073
Maximum 
E r r o r  {%) 5 .6 4 9 .7 8 10.23 3 .8 0 5 .53 7 .3 3 5 .80 5 .54 11.67 4 .4 9 4 .98 4 .6 4 6 .83
80401< £ £ e s - CO W  COLORADO SCHOOL o. MINK
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and shear  wave v e l o c i t i e s  must be c o r r e c t e d  t o  a common p re s s u re  datum;
th e  r a t i o  R o f  t h e  maximum t a n g e n t i a l  s t r e s s  t o  t h e  maximum r a d i a l
s t r e s s  may be used to  make t h i s  c o r r e c t i o n  ( f ro m  c o n c lu s io n  2 a b o v e ) .
16
Using t h e  Lame de ve lo p m e n t ,  t h i s  r a t i o  R is  computed as
v / l - v
R = D '• - - ■ (32 )
V / l - V
where = ( P „ -P ' ) / (P ,> b ~P ' )
The c o r r e c t i o n  f o r  t h e  r a t i o  o f  v / v  as measured—is then
P s
( Vp/ V s } measured _ 1 + CPP
(v  / v  ) - - . 1+.C Rnv p' s ' c o r r e c t e d  r
(33 )
where P . . - P 1 P , 2 - ^
_  - (3*0
y u  ( po b - p , )  P>S-
F ig u r e  5 is  a t t a c h e d  t o  show P o is s o n 's  r a t i o  as a f u n c t i o n  o f  the
c o r r e c t e d  r a t i o  o f  ( v  / v  ) ,  based on th e  r e l a t i o np s
i - ( v s / v p ) 2
V --------------—  e- ? ■ (35);
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SUMMARY
G eo m etr ic  o p t i c s  has been used t o  d e f i n e  th e  r a yp a th  o f  
th e  f i r s t  p r im a r y  o r  shear  a r r i v a l s  a t  a r e c e i v e r  in  a f l u i d  
f i l l e d  b o r e h o le  surrounded by a s o l i d  o f  v a r y i n g  wave v e l o c i t i e s .  
The f i r s t  wave a r r i v a l  t imes  f o r  the  two d im e n s io n a l  ( r - z )  case  
a re  g iv e n  by r2
t f ( o r  t , ) = } E -  f e l l  + 2 P  [ ' ( d  * dr
rw
where r^  and c^ a r e  d e te rm in ed  from
2—»— /■»z r -  /
dr
= ( 2 r w~r0 ~ rt ^ J  + 2 P  E ' f e ) ]
rw
For th e  t h r e e  d im en s io n a l  case ( r - 0 - z ) ,  th e  f i r s t  wave a r r i v a l
t imes a r e  r* _ 0 .
, , , ( 2 r w " r O_ r 't) /  2 2 \ - i  .  f O - p V ) ' 4t p(or t s) ------------ ----------  (1-p vwj + 2 J — K dr
where r 2 »p, and an i n c l i n a t i o n  a n g le  a r e  d e te rm in e d  from
z4 " z 0 = cos ) pv w( l - p 2 v^) %  2 ^ p v ( l - p 2 v ^ ' ^ d r j
rw
r*
0, - 0 o = Sl n T - j r n ( r ^ / r 0 r4 ) p v w ( l - p a v i ) ' ,/2+  2 f p v  (1
(1 ~p2 v^) v wl n ( r * / r 0 r ^ ) + 2 1 ~p2 v2 ) V*  v ^  =
rw
{£-?r 5- ( l - p :‘ v | ) :| ^ c o t 3^ x | ( 1 - p “ vJj'V2vw(2 r>, - r t)-r4 ) 
+ 2 J * ( l - p 2 v2 ) 2vdr j
rw
Examples o f  th e  a p p l i c a t i o n  o f  th e  method were  computed f o r  
both c o n s o l i d a t e d  and u n c o n s o l id a te d  s ed im e n ts .  These examples
i nd.lcate_.-the -speci-Oc t rtaveL .times. .fo r  ,pr i-ma.cy.-and shear_-wav.es___
a r e  i n s e n s i t i v e  to  th e  t r a n s m i t t e r - r e c e i v e r  spac ing  and the  too l  
l o c a t i o n  in the  b o r e h o le ,  f o r  a v e r t i c a l  t o o l .  S i m i l a r  r e s u l t s  
may be expe c ted  f o r  t o o l s  i n c l i n e d  o r  e c c e n t r i c  in  th e  w e l l  b o re ,  
i f  the  e f f e c t s  o f  the  e c c e n t r i c i t y  may be d e te rm in e d  w i t h  a two-  
r e c e i v e r  t o o l .
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These example problems i n d i c a t e  th e  observed t r a v e l  t imes o f  
the  p r im a r y  and shear  waves a r e  s t r o n g l y  a f f e c t e d  by th e  s t r e s s  
d i s t r i b u t i o n  around the  w e l l b o r e .  The v e l o c i t y  o f  these  waves is 
e s s e n t i a l l y  de te rm ined  by th e  maximum s t r e s s  govern ing  th e  mot ion  
o f  the  waves; th u s ,  i f  p r im a ry  wave v e l o c i t y  is  governed by t h e  
r a d i a l  s t r e s s  around the  w e l l b o r e ,  then th e  observed p r im a ry  wave 
t r a v e l  t im e  w i l l  o n ly  s l i g h t l y  d i f f e r  from th e  p r im a ry  wave t r a v e l  
t im e  measured under a s t r e s s  equal  t o  the  maximum r a d i a l  s t r e s s .  
S i m i l a r l y ,  i f  th e  shear  wave v e l o c i t y  is  governed by the  t a n g e n t i a l  
s t r e s s ,  th en  th e  shear  wave t r a v e l  t im e  w i l l  o n ly  s l i g h t l y  d i f f e r  
from th e  v a l u e  t h a t  would be measured under  the  c o n d i t i o n s  o f  the  
maximum t a n g e n t i a l  s t r e s s .
W i th  t h e  above assumptions f o r  t h e  s t r e s s e s  govern ing  p a r t i c l e  
m o t io n ,  a method has been d e v is e d  t o  c o r r e c t  observed d a ta  f o r  the  
e f f e c t s  o f  a v a r y i n g  wave v e l o c i t y  in a s o l i d  surro u n d in g  a f l u i d -  
f i l l e d  b o r e h o le .
T -1 9 6 3
NOMENCLATURE
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a Lower l i m i t  o f  an i n t e g r a l
b Upper l i m i t  o f  an i n t e g r a l
c An a r b i t r a r y  c o n s t a n t
D An e l a s t i c  p r o p e r t y  o f  the  s k e l e t o n  o f  a porous m a t e r i a l
E Young's  modulus
F A f u n c t i o n
f  A f u n c t i o n
g A f u n c t i o n
h A d i s t a n c e  c o o r d i n a t e
k Bulk  modulus
L Tool le n g th
n Power law exponent  in  v e l o c i t y  d i s t r i b u t i o n
P P ress u re  o r  s t r e s s
Legendre p o ly n o m ia l  o f  o r d e r  2n 
p A Cons ta n t  f o r  S n e l l ' s  law
R Remainder in  Gaussian i n t e g r a t i o n  method
r  R a d ia l  c o o r d i n a t e
t  Time
v V e l o c i t y
w Weight  f u n c t i o n  f o r  Gaussian i n t e g r a t i o n  method
x C a r t e s i a n  c o o r d i n a t e
y C a r t e s i a n  c o o r d i n a t e
z C a r t e s i a n  o r  c y l i n d r i c a l  c o o r d i n a t e
A A ( f i n i t e )  d i f f e r e n c e
6 An increment
3  P a r t i a l  d e r i v a t i v e  symbol
£ A l o c a t i o n  used in bounding th e  remainder  in Gaussian i n t e g r a t i o n
methods
0 A n g u la r  c o o r d i n a t e  in  a c y l i n d r i c a l  c o o r d i n a t e  system; a l s o ,  an
i n c l i n a t i o n  a n g le
X Lagrange m u l t i p l i e r
v P o is s o n 's  r a t i o
K A z e r o  o f  a Legendre Po lynomia l
it 3 . 1 ^ 1 5 9 2 6 . . .
Z I n d i c a t e s  summation
a S t r e s s
<j> P o r o s i t y
^  An i n c l i n a t i o n  a n g le
1// An i n c l i n a t i o n  a n g le
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Subscr i p t s
0 , 1 , 2 , 3 , 4  Denotes p o s i t i o n  o r  t im e  
D D im ension less
f  F l u i d
i Index f o r  summations; a l s o ,  denotes a g e n e ra l  term
n Index f o r  Gaussian i n t e g r a t i o n  fo rm ula
ob Overburden
p Denotes p r im a ry  wave p r o p e r t y
s Denotes shear  wave p r o p e r t y ;  a l s o  s o l i d
w Wei 1 bore
S u p ersc r  i p ts
*  Opt imal v a lu e
1 Form at ion  f l u i d
Average
Add i t  i o n a 1
cos T r i g o n o m e t r i c  c o s in e
sech H y p e r b o l i c  secant
s i n T r i g o n o m e t r i c  s in e
tan T r i g o n o m e t r i c  ta n g e n t
/ I n t e g r a l  s ig n
A I n d i c a t e s  a d e f i n i t i o n
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APPENDIX: The G eo m etr ic  O p t ic s  Approach
f o r  th e  E c c e n t r i c  Tool Case
The g e o m e t r ic  o p t i c s  approach f o r  t h e  e c c e n t r i c  to o l  case  
uses S n e l l ' s  law in a l l  t h r e e  d im en s io n s .  For t h i s  a p p l i c a t i o n ,  
i t  is  nece ssa ry  t o  c o n s id e r  a g e n e ra l  c o r o l l a r y  t o  S n e l l ' s  law:  
i f  v e l o c i t y  o f  a waveform is a f u n c t i o n  o f  one c o o r d i n a t e  a l o n e ,  
then th e  ra y p a th  p r e d i c t e d  by g e o m e t r ic  o p t i c s  cannot change  
normal to  t h a t  c o o r d i n a t e .  T h is  c o r o l l a r y  may most e a s i l y  be 
demonstrated  in  a C a r t e s i a n  c o o r d i n a t e  system x - y - z ,  as shown 
in F ig u r e  A l . I f  v e l o c i t y  is  assumed t o  change o n ly  in the  z -  
d i r e c t i o n ,  th en
^ = p,  a c o n s t a n t  ( A l )
v
&x = Sz tan9  cosSf7 (A2)
Sy = Sz  tanG sinSP (A3)
Ss = S z secG (A4)
I t  is c l e a r  from S n e l l ' s  law ( A l )  t h a t  v e l o c i t y  is o n ly  a f u n c t i o n  
o f  0; b u t ,  by ass um pt ion ,  v e l o c i t y  is  o n ly  a f u n c t i o n  o f  z ,  so t h a t  
0 must be a f u n c t i o n  o f  z a l o n e .  The a r c  len g th  6s ,  which is  a 
f u n c t i o n  o f  z and 0 ,  i s  then  s t r i c t l y  a f u n c t i o n  o f  z .  I f  6s is  
a f u n c t i o n  o f  z a l o n e ,  then i t  cannot be an i m p l i c i t  f u n c t i o n  o f  
x o r  y ,  so t h a t  6 y / 6 x  = tanT must be a c o n s t a n t  and th e  ra y p a th  can 
change o n ly  in  t h e  z d i r e c t i o n .  T h is  c o r o l l a r y  is  im p o r ta n t  in  
t h a t  i t  i m p l ie s  t h a t ,  f o r  a t o o l  e c c e n t r i c  in a b o r e h o le ,  r a y p a th s  
must be e i t h e r  in a p la n e  o r  a c o n s t a n t  s lo p e  h e l i x .
Now examine a normal t o  a wave f r o n t  moving through a t h r e e  
dim en siona l  c y l i n d r i c a l  e le m e n t  ( 6 r ,  6 0 ,  6 z ) , as shown in  F i g u r e  A2.
From t h i s  f i g u r e ,
(Ss = Sr  sec Q  (A5)
Sz = 6 r  tan*P cos V  (A6)
§0 = S r  t a n ^ s i n ^¥/r (A7)
<£t = S s / v  (A8)
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F i g u r e  A 1 : A P la n a r  Boundary Problem
Z
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By S n e l l ' s  law ,  s i n cP / v = p ,  a c o n s t a n t ,  and n o t i n g  t h a t  cannot  
va ry  s in c e  v e l o c i t y  is  assumed t o  be a f u n c t i o n  o f  t h e  r a d i a l  
c o o r d i n a t e  a lo n e ,  th e  above e q u a t io n s  may be expressed  as
<Sz = p v O - p 2 v V  W S r  (A9)
= p v ( l - p 2 v2 ) ^ s i n W r / r  (A10)
& t  = v"‘ ( l - p 2v2 ) ^Sr  ( A l l )
I f  each o f  t h e s e  forms is  summed o v e r  N inc re m e nts  o f  fir such t h a t  
Nfir=Ar,  then N
= ^ j S zj = ^ p v j  ( l - p 2v?) ^ c o s ^ r .  (Al 2)
A 3  = ^ \ p v i ^ ~ P 2vf )  * s \ n f 8 r / r .  (A13)
A t = ^ v r l ( , - p2vf)  ^ r i (Al4)
In th e  l i m i t  as N becomes w i t h o u t  bound f o r  f i x e d  A r ,  th e  sums 
(A 1 2 ) ,  ( A 1 3 ) ,  and (A14) become the  i n t e g r a l s
r ra 2 2
p v ( l - p  v ) c o s F d r  (Al 5)
• i
r^
A0 = f p v d - p V )  ^s in l^dr / r  (Al6)
vr l
H>
A t  = A / H ( l - p 2 v 2 ) ^dr  (Al 7)
n
Examine now th e  problem o f  d e t e r m in in g  the  f i r s t  wave a r r i v a l  
t o  t h e  c o o r d i n a t e s  z^ and 0^ from a p u ls e  s t a r t e d  a t  t im e  t j  a t
l o c a t i o n  ( r ^ , 0 ^ , z ^ ) .  D e f in e  t h e  f u n c t i o n s  f ,  g ^ , and g^:
f ( r , p , f )  = / V '  ( l - p 2v2 ) “ * d r  (Al 8)
V
9 1 ( r , p , V 0 =  f  p v ( l - p 2y 2 ) 2s i n ! P d r  (A19)
r *
9 2 ( r , p , V 0  = f p v ( l - p 2v2 ) " * c o s Y ' d r / r  (A20)
r »
T h e - f i r s t  _wajve . a r r i v a l  .problem s t a t e d  above may be expressed  
m a t h e m a t i c a l l y  as
M in im iz e  t h e  f u n c t i o n  f ( r  ,p,ij>) s u b j e c t  t o  th e  con­
s t r a i n t s  g , ( r 2 »P»^) * s equal  t o  the  s p e c i f i e d  v a lu e  AZ 
and g 2 ( r 2 » p , i5  is  equal  to  th e  s p e c i f i e d  v a l u e  A0.
Lagrange m u l t i p l i e r s  a g a in  w i l l  be used t o  s o l v e  t h i s  problem o f  
c o n s t r a i n e d  o p t i m i z a t i o n .  D e f in e  t h e  composi te  f u n c t i o n  F by
Vr
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9 j  ( r 2 ,p ,^ ) -A z J
92 ( r 2 »P»^) (A21)
F( r2»p»v,» = f  ( r2 » p »yo -/)1
“^ 2
The minima o r  maxima o f  the  u n c o n s t r a in e d  f u n c t i o n  F correspond to  
c r i t i c a l  p o in t s  o f  th e  c o n s t r a i n e d  f u n c t i o n  f A *  The c r i t i c a l
p o in t s  o f  F a r e  found by s e t t i n g  th e  p a r t i a l  d e r i v a t i v e s  o f  F w i t h
L 11: .
re s p e c t  t o  r 2 , p,  ip, X, and X2 t o  z e r o .  *  ̂The p a r t i a l  d e r i v a t i v e s
o f  F a re :
= ( 1 - P 2 v 2 ) ^Cv'1- A 1 c o s ^ v ^ s  i n y p v / r ) |  (A22)
• ^ - =  2 jpv-A^ vcosV'~A2 v s i n j ^ r j d r  (A23)
- ^ ^ - =  ^* (1—p2 v 2 ) ^pv si  nV/- A 2 cos^' /7| d r  (A2A)
fz.
■ ~ r - ”  AZ-cosW  ( l - p 2 v2 ) 2pvdr  (A25)
= A 0 - s i n Y '  A 1- p 2 v 2 ) 2 p v d r / r  (A26)
■'n
The zeros  o f  f u n c t i o n s  (A22) and (A2A) may be used in c o n ju n c t io n
w i t h  th e  zeros  o f  f u n c t i o n s  (A25) and (A26) t o  d e te rm in e  Xj and X2 :
— 1
2 i /y j^  ^ztan3  yA ,  = Jpv2 c o s y ' [ l+ ^ £ Z ' l ^  (A27)
^ 2  tan (A28)
2- - v ( r 2 ; 
used v 
p, and \^from
where v = ) .  The ze ro s  o f  f u n c t i o n s  ( A 2 3 ) , ( A 2 5 ) , and (A26)  
may be w i t h  th e  r e l a t i o n s  (A27) and (A2 8 ) to  d e te rm in e  r 2 ,
Az  = c o s f  C p v ( l - p 2v 2 ) ^ d r  (A29)
Jr,
rj.
A0 = s i nV' f p v (1 - p 2v 2 ) ^ d r / r  (A30)
r,
Hi.
- p 2v 2 ) ^ v d r / r  = j (p “ ^ " P  v 2 ) ^ 0 c o t  VTa z J
P  a 9 9 -3^
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M u l t i p l y  branched h e l i c e s  a r e  p o s s i b l e  through s e t t i n g  A9 = A 0 + 2 m T ,  
where n is an i n t e g e r .  The d i f f i c u l t i e s  in v o lv e d  in s o l v i n g  the  
above t h r e e  e q u a t io n s  f o r  r ^ ,  p, and ip p ro b ab ly  p re c lu d e  p r a c t i c a l  
e n g in e e r in g  a p p l i c a t i o n .
Because the  t r u e  t h r e e - d i m e n s i o n a l  e q u a t io n  s e t  above i£  
p ro b a b ly  beyond p r a c t i c a l  a p p l i c a t i o n ,  i t  is  suggested t h a t  a two-  
dim ensiona l  ( r - z )  s o l u t i o n  can be used. T h is  s i m p l i f i c a t i o n  may 
be j u s t i f i e d  f o r  c o n v e n t io n a l  w e l l - l o g g i n g  d e v ic e s  s in c e  such to o ls  
a r e  g e n e r a l l y  long compared t o  the  w e l l  bore  r a d iu s ;  t h e r e f o r e ,  
a n g u la r  motion  should  be a lower  o r d e r  e f f e c t ,  compared t o  r a d i a l  
and v e r t i c a l  m ot ion .  Using th e  two d im ensiona l  a p p r o x im a t io n ,  
the  geometry  o f  th e  r a y p a th  w i l l  be as shown on F ig u r e  A3, and 
th e  f i r s t  a r r i v a l  t im e  f o r  a wave pass ing th rough the  s o l i d  w i l l  
be (upon e x t e n d in g  e q u a t io n s  (17a)  and (18 )  in  the  Development)
\zr\-uz. r 2' _r~ t\. \2 —r 1̂
lr
(A3 2)
t -  ( 2 r w- r 0- [ -  j ' "  + 2 j f ]  dr
where r^  and v2= v ( r 2^ a r e  d e te rm ine d  from
r2.
A z = <2rw- Fo ' ,V vw(vr vw) "X + 2 - f v ( v | - v 2) _ i dr (A33)
The e x p re s s io n s  (A32) and (A33) should be used in p la c e  o f  exp re ss io n s  
( A 1 7 ) , ( A 2 9 ) , ( A 3 0 ) , and (A31) f o r  r Q or  r^  equal  t o  z e r o ,  s in c e  no 
a n g u la r  motion is r e q u i r e d  in  the  rayp a th  f o r  th ese  cases.
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Figure A3: Geometry o f  the Two-Dimensional S im p l i f ic a t io n
w
